We consider the Schrodinger operator
Ž . in R , d G 3, with q in the Kato class K K D and finite gauge g x s w Ž . x Ž . E exp H q X ds , where X is a Brownian motion and is the first exit time of 
where f is a real, measurable function for which G f , f is finite. As a direct consequence of this double inequality, we have that the potential Gf is in the 1 For each t G 0, we introduce the operators S and T as follows: for
Ž . Ž . Ž . Ž .
Ž . Ž . Ž . 
Ž . Ž . Ž . where h is a certain positive constant h G 1 . In order to prove the weak maximum principle for the operator K, we will need a simple lemma. Proof. Using the strong Markov property and Jensen's inequality, for
Now we are ready to prove the weak maximum principle. 
Ä 4
Kf F 1 on f ) 0 .
Thus f ) 0 on F and f s 0 outside; i.e., f has support in F . Then n n n n n Kf Kf everywhere.
n Let T be the stopping time defined by
For x g D, simple calculations and the strong Markov property give
Ž .
The last inequality follows from Lemma 2.1. Now taking the limit, we have the claim. 
Note that the potential K is lower semicontinuous as well since K has a lower semicontinuous kernel. PROPOSITION 2.5. The operator K has a positi¨e definite character; that is, the inequality
Proof. Using symmetry of S, we have
From the positive character of the operator K, we have that the energy inequality for K holds, i.e., 1r2 1 r2
Ž < < < <. Ž < < < <. Then the energies G q , q and K q , q are finite.
Proof. The claims of the remark follow directly since the potentials < < < < w x 1 Ž . G q and K q are bounded functions 4 , and q g L D for a bounded domain D.
In order to prove our main result, we will need an important relation between K-and G-potential which is given in the next proposition.
Indeed, by the energy inequality for the operator G and Remark 2.6, we have 1r2 1 r2
Further,
Ž
. ite because of finite gauge Theorem 1.1 . So for each x such that Ž< < < <.Ž . K q G f x -ϱ, we have by the Markov property
H H 
Recall that K и, и is a kernel satisfying a weak maximum principle for w x K. So from 11 we have for each measure ,
where c is a positive constant. Ž . Ž .
n C
Let : D ª R be a positive, bounded function. Then, since K is lower semicontinuous and strictly positive, we have
for any compact set C : D. The energy inequality
n nn Ž . and symmetry of K give that K, is a bounded sequence. Using n simple calculation, we obtain
Proof. Let ␣ [ inf K y , y ; a measure of finite energy . 27
We use the previous two theorems to extract a measure X such that ª X vaguely and K ª K X weakly in energy as n ª ϱ. Then, since n n K has a lower semicontinuous kernel, we have
Ž .
n n nªϱ Ž Ž X . X . Thus ␣ s K y , y . This implies that, for any positive measure ⑀ and t ) 0,
Expanding, dividing by t, and letting t ª 0, we obtain
Hence, clearly
Again from the definition of the measure X , we have
for any measure ⑀ of finite K-energy. Especially for ⑀ ' 0 we obtain
Ž . Using symmetry of K and the Cauchy᎐Schwarz inequality, Eq. 34 leads to
Similarly, replacing by y , there is a measure Y such that 
Proof. The claim follows directly from Theorem 2.11 with q ' 0.
In the next theorem are given important inequalities for a signed measure of finite energies. 
Proof. According to Theorem 2.11, we can find a positive measure such that
with c a positive constant. Then, using in addition the inequality 24 , < < symmetry of K, and the fact that K q is bounded, we have 2 2
Ž . The K-and G-energy are equivalent. This equivalence is the main result of this paper and it is given in the next theorem.
and let the gauge g be finite for some x g D. Then there exists a positi¨e constant ␣ such that, for any real measurable function f on D with finite Ž < < < <. energy G f , f , we ha¨e
␣ Ž < < < <. Ž < < < <. Proof. Assume both K f , f and G f , f are finite. Using the Ž . relation 21 of Proposition 2.7 between G-and K-potential, symmetry of G, the Cauchy᎐Schwarz inequality, and the last theorem, we have
with some positive constant c. From this inequality it follows easily that Ž . Ž 2 .Ž . Kf, f F 1 q 2 c Gf, f . Using similar manipulations as above, we prove the second inequality. Ä Ž < < < <. 
From Theorem 2.13 and Theorem 2.14, it follows that for a function f Ž . 2 Ž < <. such that Gf, f is finite, the potential Kf is in L D, q . Consequently, 2 Ž < <. it is enough to show that for g L D, q , the integral
n By The Cauchy᎐Schwarz inequality, we have
Ž . The expression on the right-hand side of the inequality 48 is finite since d Ž . q g K K D has finite G-energy, and so dividing both sides of the inequal-Ž . ity in 47 by Proof. The theorem will be proved in a few steps. 1 
1 Ž .
Step 1. First we note that T : L D ª L D . This follows from < < symmetry of K, Fubini's theorem, and the fact that K q is bounded.
Step 2. T is one-to-one. Indeed, suppose
Tf s fKf s 0. 52 
